ABSTRACT In this paper, the bipartite consensus problem is investigated for multiagent systems with second-order dynamics and antagonistic interactions. We consider bipartite consensus under two kinds of protocols. One is an absolute damping protocol, and the other is a relative damping protocol. When there are no time delays, necessary and sufficient conditions are derived for the system to asymptotically achieve the bipartite consensus under the given protocols. When there are communication delays, sufficient conditions are obtained for the system to asymptotically achieve the bipartite consensus. In case G(A) is structurally unbalanced, consensus can also be asymptotically achieved, while this case is trivial.
I. INTRODUCTION
With the development of techniques such as computer communication, artificial intelligence and engineering application, new techniques begin to emerge constantly. Multi-agent technique is one of the most important techniques. The problems of consensus [1] - [7] and controllability [8] - [15] of multi-agent systems are also widely studied. For multi-agent systems, the consensus problem is the basis of cooperation and coordination among agents, which has attracted the attention of many experts and scholars in different fields. The consensus problem of multi-agent systems has been studied at different levels, such as the distributed consensus protocols of multi-agents, formation control, flocking control, swarm problem, and so on.
In 2004, Saber and Murray [16] discussed the first-order multi-agent system model. Using the properties of the Laplacian matrix of a graph, the first-order system under a strongly connected digraph can asymptotically achieve consensus without time-delay. And it is average consensus if and only if the corresponding graph is balanced. The rate of convergence of the system depends on the second smallest eigenvalue of the Laplacian matrix. In practical applications, the topology of multi-agent system often changes, this kind of timevarying topology is also called switching topology. Similar results have also been observed for switching topology. Later, Ren [20] , [21] , and other scholars widely studied the consensus problem for the first-order, second-order and highorder multi-agent systems, as well as the linear multi-agent system with a leader [17] - [24] .
In addition, communication delay is an important issue in information exchange for multi-agent systems. In practical applications, the interference of communication delays is inevitable, which may cause the divergence or oscillation of the network system. How to control the time-delay system is a great challenge both in theory and engineering practice. Therefore, the research on the consensus problem of multi-agent systems with communication delays has been widely concerned. Saber and Murray [16] studied the average consensus problem of a directed network with the fixed uniform time-delay for a class of first-order dynamic systems. Ren and Beard [25] extended the above results. Ren and Atkins [26] , Xie and Wang [27] , Sun et al. [28] , Sun and Wang [29] , Liu et al. [30] , Liu et al. [31] all studied the consensus problem of second-order multi-agent systems. In particular, the discussions of Sun and Wang [29] and Liu et al. [30] contained two consensus protocols: relative damping protocol and absolute damping protocol.
Most of these studies are based on the cooperation between agents. However, in practical problems, there is an antagonistic relationship between agents. With the representation as signed digraphs, the weights of edges are often assumed to be negative. In this case, Altanfini [32] gave the definition of bipartite consensus and the condition under which agents could achieve the bipartite consensus in the firstorder multi-agent systems . In the case of structural balance, with a gauge transformation, all entries of the adjacency matrix were transformed into nonnegative. Then, the bipartite consensus problem with negative weights was turned into the general consensus problem. Here, the bipartite consensus means that the states of all agents can converge to a consensus value which is identical in modulus, but not in sign. Thus, the necessary and sufficient condition for the system to achieve bipartite consensus is structural balanced in the connected undirected graph or strongly connected digraph. Based on [32] , Hu and Zheng [33] weakened the condition of strong connectivity into that the digraph contains a spanning tree, and extended the results. In 2014, Valcher and Misra [34] emphasized that the state of every agent was a N -dimensional vector, which extended the results of [32] . Zhang and Chen [35] studied the conditions of bipartite consensus in the linear multi-agent systems, and discussed the equivalent relationship between the bipartite consensus and the common consensus. Hu and Zhu [36] put forward a bridgebuilder to ensure that the states of all agents could achieve the bipartite consensus. Dou et al. [37] discussed the condition of bipartite consensus for a leaderfollowing linear multi-agent system, and gave a method for finding the feedback matrix K based on linear matrix inequality (LMI). When there is not only a cooperative relationship between agents but also a competition, Sun and Wang [29] and Hou et al. [38] all mentioned that the connection weights between agents could be negative. But we can see from the simulation that, for the case of negative weights, the weight value cannot be too large. Du and Meng [39] studied the bipartite consensus problem for a class of firstorder multi-agent systems with antagonistic interactions and communication delays. Li et al. [40] discussed the bipartite consensus problem for second-order multi-agent systems with fixed time-delays on antagonistic networks. In 2017, Hu and Wu [43] , Wu et al. [44] - [46] , and Hu et al. [47] further extended the results of bipartite consensus in the coopetition networks.
Among the analytic techniques of consensus and bipartite consensus with time-delays, equivalent transformation is usually employed to turn the consensus problem into an equivalent stability problem. There are two kinds of methods for the stability analysis of time-delay systems. One is the frequency-domain method which is based on the study of system transfer function, such as [16] and [40] , etc. The other is the time-domain method which is based on the study of the system state equation, such as [29] and [30] , etc. Although the frequency-domain method can be used to obtain necessary and sufficient conditions for the stability of the system, the associated calculation is very complicated when the controller is designed. And it is difficult to deal with timedelay systems with uncertain and time-varying parameters with the frequency-domain method. Hence, the time-domain technique is the major method for the stability analysis and synthesis of time-delay systems.
Based on the previous work, we study the bipartite consensus problem of second-order multi-agent systems with fixed topology. The relationship between agents are both cooperation and competition. That is to say, there are positive and negative weights in the corresponding topological digraph. If there is an antagonistic relationship between agents, consensus protocols used in the nonnegative network would bring about negative real part of eigenvalues for the corresponding Laplacian matrix, which will lead to the unstability of the system. So we need to design new protocols to ensure that the real parts of eigenvalues of the new Laplacian matrix are greater than or equal to 0. Two kinds of bipartite consensus protocols are proposed. The first one is an absolute damping protocol, which means that for a system, all agents are with identical absolute value of positions as all velocities tend to 0, while the signs may be opposite. The second one is a relative damping protocol, which means that all agents are with identical absolute value of positions and velocities when t tends to infinity, while the signs may be opposite. Under the two protocols given in this paper, it is possible for us to consider the consensus or bipartite consensus of multiagent systems. For the second-order dynamics, an equivalent reduced-order system is analyzed, and the consensus problem of multi-agent system is transformed into an equivalent stability problem. Different from [29] , we studied the bipartite consensus in coopetition networks. Besides, we adopted different consensus protocols. Because negative weights are added to the system, consensus protocol in the cooperative system may cause the corresponding Laplacian matrix to have eigenvalues with negative real part, which could lead to the unstability of the system. Therefore, we adopt different protocols and get the conditions of bipartite consensus. Different from [40] , we consider the problem of the bipartite consensus of multi-agent system under the assumption of a directed topological graph and non-uniform timevarying delays. Lyapunov-Krasovskii functional techniques combined with linear matrix inequalities (LMI) are used to analyze the problems. This also makes the design of the controller easier.
The structure of this paper is as follows: In the second section, we propose the main problems of this paper and the convergence protocols; In the third section, the main results and proofs are given; In the fourth section, we conduct a numerical simulation; In the last section, we summarize the work done in this paper.
The following notations and concept are used throughout this paper. I = {1, 2, · · · , n} is an index set. Let I n be the identity matrix of dimension n,
, and 0 m×n ∈ R m×n be a m × n zero matrix. The notation sgn(x) represents the signum function, and it is defined as follows:
The notation diag(a 1 , · · · , a n ) represents a diagonal matrix whose diagonal elements are a 1 , · · · , a n . Given a complex number λ ∈ C, denote its real part and imaginary part by Re(λ) and Im(λ), respectively.
II. PROBLEM STATEMENT A. GRAPH THEORY
We denote the weighted digraph by G = {V, E, A}, where
Here, we assume that (ν i , ν i ) / ∈ E and hence a ii = 0 for all i ∈ I. If the graph is undirected, A is independent of the order of vertexes in E, and the matrix A is symmetrical. For digraph, denote that
A directed path P of G(A) is a series of interrelated edges in E:
where all vertexes
is a directed path with the same beginning and ending (i.e. ν i p = ν i 1 ). For a digraph, a semicycle is a cycle of G(A u ). A semicycle is positive if it contains an even number of negative edges, i.e. a i 2 
the semicycle is negative. A digraph is strongly connected if any two vertexes in a signed digraph can be connected by a directed path. A digraph has a spanning tree if there exists a vertex called root such that there exists a directed path from the root to any other vertexes. A signed digraph G(A) is structural balanced, if all of its semicycle are positive [41] . In other words, G(A) is structural balanced, if all of its vertexes can be divided into two parts
Otherwise, the structure is unbalanced [32] . It is worth noting that the existence of semicycles is necessary for the structural balance of digraph [41] .
Given a signed digraph G with adjacency matrix A, the Laplacian matrix used in this paper is L = C −A, where C is a diagonal matrix, its diagonal elements are c ii = j∈N i |a ij |, N i is the vertex set adjacent to vertex ν i in E. Therefore, the elements of L are
B. LINEAR CONSENSUS PROTOCOLS
Consider the second-order system:
where x i , v i ∈ R m represent the position and velocity of the ith agent, respectively, u i ∈ R m is the control input. For the sake of convenience, we only consider the case of m = 1, the more general case of m > 1 can be studied in the same way. Consider the following two consensus protocols:
and
where β i , γ i (i = 1, 2) are positive gains, the piecewise continuous functions τ ij (t) are unknown time-varying delays satisfying 0 ≤ τ ij (t) ≤ h, h > 0.
Remark 1: We consider two different protocols, under which two different forms of consensus are obtained. Protocol (4) involves the relative velocity, so the consensus under protocol (4) is a dynamic consensus. While protocol (3) does not involve relative velocity, so the consensus under protocol (3) is a static one. That is, with protocol (3), the bipartite consensus is achieved if
lim t→∞ [|x i (t)| − |x j (t)|] = 0 and lim t→∞ v i (t) = 0, ∀x i (0), v i (0)(i, j ∈ I). Analogously,
with protocol (4), the bipartite consensus is achieved if
First, let us consider the case of τ ij (t) = 0. With protocols (3) and (4), we can, respectively, abbreviate system (2) as follows:ẋ
where
Laplacian matrix defined by (1).
C. GAUGE TRANSFORMATION AND STRUCTURAL BALANCE
Gauge transformation is a coordinate transformation performed in R n by matrix
, i ∈ I} as the set of all gauge transformations in R n . Given the system (5), we consider the following transformation:
Notice that
For (5), sincev = −β 1 Dq − β 2 LDp, theṅ
where L D = DLD = C − DAD is a new Laplacian matrix of gauge transformation system, defined as follows
Similarly, for (6),v = −γ 1 LDq − γ 2 LDp, it follows thaṫ Proof: (a) If a digon sign-symmetric signed digraph is structurally balanced, all of its vertexes can be divided into two parts
Firstly, we assume that there is only one vertex ν r ∈ V 2 , then a ir ≤ 0, a ri ≤ 0, i ∈ I. Let σ r = −1 and σ s = 1, s ∈ I, s = r. The entries of the rth row in DAD turn into (−a r1 , · · · , −a rn ) and the entries of the rth colomn in DAD turn into (−a 1r , · · · , −a nr ) T . Notice that a rr = 0, therefore, all entries of DAD are nonnegative. Secondly, assuming that V 2 contains two or more than two vertexes, for the sake of convenience, it would be ν r , ν s ∈ V 2 and a rs ≥ 0, a sr ≥ 0. From the above analysis, we choose σ r = σ s = −1 and σ t = 1, t ∈ I, t = s, t = r. Then DAD has all nonnegative entries. (b) For a nonnegative digraph G, the Laplacian matrix has a simple zero eigenvalue if and only if G contains a spanning tree [42] . For a signed and structurally balanced digraph with a spanning tree, Therefore, it can be seen that L is positive semidefinite on a structurally balanced digraph with a spanning tree. Moreover, 0 is a simple eigenvalue of L D , and 1 is a corresponding right eigenvector, i.e. L D 1 = 0.
For system (2), we adopt the following assumptions: (A1) G(A u ) is digon sign-symmetric; (A2) G(A u ) is structurally balanced; (A3) G(A u ) has a spanning tree; (A4) G(A u ) is structurally unbalanced.
III. MAIN RESULTS

A. NETWORKS WITHOUT TIME-DELAYS
By gauge transformation (7), system (2) with protocol (3) (τ ij (t) = 0) can be transformed into:
Denoting
we rewrite (8) as follows:
Analogously, system (2) (τ ij (t) = 0) with protocol (4) can be transformed into:
Proposition 1: Let τ ij (t) = 0. Under assumptions (A1), (A2) and (A3), for system (2), the bipartite consensus is asymptotically achieved with (3) if and only if there is a positive definite matrix P
where 
Remark 2: Since the digraph G which has a spanning tree is structurally balanced, ∃D ∈ D such that DAD has all nonnegative entries, and 0 is a simple eigenvalue of L D = DLD. By taking advantage of the gauge transformation (7), system (5) can be rewritten as (9). With the definition of D,
It can be readily seen that,p = Ep. Moreover, notice that
It can be seen that lim t→∞ [p i (t) − p j (t)] = 0 is equivalent to lim t→∞p i (t) = 0. Therefore, the bipartite consensus of multiagent system (5) can be transformed into a stability problem of system (13) .
andω(t) = ω(t), where = diag{E, I n }, and rank(
is the linear independent solution of system (9), then { ω i : i = 1, 2, · · · , 2n} contains 2n − 1 linear independent solutions of the system (14) . Suppose that the bipartite consensus is asymptotically achieved for protocol (3) (14) tends to 0, thus (11) holds.
On the other hand, system (14) is asymptotically stable if (11) 
Proof: Letp be defined as (12) , and
Following the proof of Proposition 1, set
Thus, the remaining proof is in the same way as that of Proposition 1.
B. NETWORKS WITH TIME-VARYING DELAYS
In the case of τ ij = 0, for convenience, let τ ij (t) ∈ {τ k (t) : k = 1, 2, · · · , m}, where τ k (t), k = 1, 2, · · · , m, are piecewise continuous time-varying delays with 0 ≤ τ k (t) ≤ h,τ k (t) ≤ µ. Then, with protocols (3), (4) and gauge transformation (7), system (2) can be, respectively, written as:ω
ij ] are defined as follows:
By (12) and (15), we get the reduced-order system of (17) and (18), respectively, as:
whereω, are the same as previous definition, and (19) tends to 0. VOLUME 6, 2018 Proof: The sufficiency is obvious. Let us prove the necessity. By contradiction, suppose that there is a solutioñ ω(t) which doesn't tend to 0 when t → ∞, andω
Lemma 4: The bipartite consensus is asymptotically achieved for system (2) under protocol (3) if and only if each solution of reduced-order system
Similiarly to (12) , let p 1 (t) be continuously differentiable, and satisfyingṗ 1 
From (19) and L k 1 = 0, we havė
From (21) and (22), we know that ω(t) is a solution of system (17) . Since lim t→∞ω (t) = 0, there exist some i, j, such that lim
So the bipartite consensus cannot be asymptotically achieved for the solution ω(t). This is a contradiction with the assumption.
Lemma 5 [28] : For any real differentiable vector function x(t) ∈ R n and any positive definite constant matrix W = W T ∈ R n×n , we have the following inequality
where 0 ≤ τ k (t) ≤ h. Theorem 1: Given h and µ, assume that h > 0 and 0
. Then the bipartite consensus is asymptotically achieved for system (2) under protocol (3) and assumptions (A1), (A2) and (A3), if there are positive definite matrices
, L k are defined as above.
Proof: If (23) holds, we just need to prove that the reduced-order system (19) is asymptotically stable. Take a Lyapunov-Krasovskii functional as follows
With the solution of (19) and Lemma 5, we havė
Synthesizing (24) (25) and (26), it follows thaṫ Changingω(t) into˜ ω(t)+ m k=1L kω (t −τ k (t)) and using (23),
we haveV (t) < 0. Therefore, the system (19) is asymptotically stable.
From Lemma 4 and Theorem 1, system (2) asymptotically achieve the bipartite consensus under protocol (3).
Theorem 2: Given h and µ, assume that h > 0 and 0 ≤ τ k (t) ≤ h,τ k (t) ≤ µ. Then the bipartite consensus is asymptotically achieved for system (2) under protocol (4) and assumptions (A1), (A2) and (A3), if there are positive definite matrices P ,
Then the bipartite consensus is asymptotically achieved for system (2) . Proof: A similar proof as that of Theorem 1 can be employed and is omitted to prevent repetition.
C. NETWORKS WITH STRUCTURAL UNBALANCE
We have considered that the digraph is structurally balanced, such as G1 of Fig.1 . If instead the digraph is structurally unbalanced, such as G2 of Fig.1 , by properly selecting the parameters, consensus can also be asymptotically achieved, while this case is trivial, that is lim Figures 2 and 3 show the position and velocity trajectories of the corresponding closed-loop system (2) under protocols (3) and (4) with G2, respectively.
In fact, in the case of τ ij = 0, system (2) with protocol (3) can be rewritten as
, where 
, where µ i is the ith eigenvalue of −L. As a result,
Therefore, it is straightforward to see that the eigenvalues of are given byλ = −β 1 ± β 2 1 +4β 2 µ i 2 . We have the following proposition:
, where λ ± , µ ∈ C. If β 1 , β 2 > 0, Re(µ) < 0 and
then Re(λ ± ) < 0. Proof:
Motivated by Ren [20] , from inequality (28), we have β 2 1 Re(µ) + 2β 2 |µ| 2 < 0. Hence, |s 1 | > |s 3 |, which in turn implies that |a| > |b|. Noting that the phase angle of b is smaller than a, we know that Re( a±b 2 ) = Re(λ ± ) < 0. Under assumptions (A1), (A3) and (A4), we know that Re(µ i ) < 0, where µ i , i ∈ I are eigenvalues of L [32] . Hence, in the case of structural unbalance, Re(λ ) < 0 if 
IV. SIMULATION RESULTS
The digraph is G1 of Fig.1 with n = 5. The solid line between vertexes indicates that there is a cooperative relationship VOLUME 6, 2018 between agents, and the corresponding weight is taken as 2. The dotted line between nodes indicates that there is a competitive relationship between agents, and the corresponding weight is taken as −3. If τ ij = 0, let β 1 = 2, β 2 = 1. By solving the linear matrix inequality (23), we get the upper bound of the timevarying delays is h = 0.1175. Let γ 1 = 2, γ 2 = 2, by solving the linear matrix inequality (27) , we can obtain that the upper bound of the time-varying delays is h = 0.0914. Figures 6 and 7 show the position and velocity trajectories of the corresponding closed-loop system (2) under protocol (3) and (4) with G1, respectively.
Remark 3: The numerical simulation indicates that protocols (3) and (4) play different roles in the convergence speed of agents. In particular, the rate of convergence under protocol (4) is faster than that under protocol (3) .
It is worth noting that the solutions of the linear matrix inequalities in the four results are closely related to the choice of the parameters β 1 , β 2 , γ 1 , γ 2 . For example, in Proposition 1, if β 1 = 0.7, β 2 = 2, Fig.8 shows that the corresponding linear matrix inequality solution does not exist, and the corresponding multi-agent system cannot achieve the bipartite consensus.
V. CONCLUSION
In this paper, we study the bipartite consensus of multiagent systems with two kinds of protocols under secondorder dynamics and antagonistic interactions. The secondorder system is transformed into an equivalent reduced-order system. Under assumptions (A1), (A2) and (A3), in case that there are no time-delays, a necessary and sufficient condition is derived for the system to asymptotically achieve the bipartite consensus. If there are an un-uniform time-varying delays, the bipartite consensus problem is solved by using LMI method. It is proved that under certain conditions, even if the relationship between agents is competition, the bipartite consensus can be asymptotically achieved under the communication delays. We also discuss the case of structurally unbalanced. In this case, by properly selecting the parameters, the position and velocity trajectories of all agents converge to 0 as t tends to infinity. He is currently a full-time Associate Professor of mathematics and statistics with Qingdao University, Qingdao. His current research interests include multiagent systems and networked control systems.
